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We investigate the relative importance of initial and final state effects on azimuthal correlations of
gluons in low and high multiplicity p+Pb collisions. To achieve this, we couple Yang-Mills dynamics
of pre-equilibrium gluon fields (IP-GLASMA) to a perturbative QCD based parton cascade for the
final state evolution (BAMPS) on an event-by-event basis. We find that signatures of both the
initial state correlations and final state interactions are seen in azimuthal correlation observables,
such as v2 {2PC} (pT ), their strength depending on the event multiplicity and transverse momentum.
Initial state correlations dominate v2 {2PC} (pT ) in low multiplicity events for transverse momenta
pT > 2 GeV. While final state interactions are dominant in high multiplicity events, initial state
correlations affect v2 {2PC} (pT ) for pT > 2 GeV as well as the pT integrated v2 {2PC}.
Introduction. The measured azimuthal momentum
anisotropies of produced particles in heavy ion collisions
are well described in the framework of event-by-event hy-
drodynamics. In this picture a fluctuating initial geom-
etry, dominated by fluctuating nucleon positions in the
incoming nuclei, is converted into anisotropic momentum
space distributions by the pressure driven final state evo-
lution. Hydrodynamic simulations agree well with a wide
range of experimental observables from the Relativistic
Heavy Ion Collider (RHIC) at Brookhaven National Lab-
oratory and the Large Hadron Collider (LHC) at CERN
[1–4].
Measurements in smaller collision systems such as p+p
and p+A [5], in particular those of anisotropies in multi-
particle correlation functions, have shown very similar
features as those in heavy ion collisions. While calcu-
lations within the hydrodynamic framework have been
quite successful in describing observables in these small
collision systems, alternative explanations relying en-
tirely on intrinsic momentum correlations of the pro-
duced particles can also reproduce many features of the
experimental data. This includes two and more parti-
cle azimuthal correlations and their pT dependence [5–7]
and mass splitting of identified particle vn [8]. Apart
from the existence of alternative explanations, the appli-
cability of hydrodynamics becomes increasingly doubtful
as the system size decreases and gradients increase. Some
recent studies argue that hydrodynamics should be ap-
plicable in systems of sizes down to ∼ 0.15 fm [9], but
off-equilibrium corrections to particle distribution func-
tions for momenta pT & 0.5 GeV can be significant [10],
which limits at least the quantitative reliability of the
framework.
So far all calculations of multi-particle correlations in
small collision systems have studied either only intrinsic
momentum correlations or purely final state driven ef-
fects. In this letter we present the first study where both
effects are combined into a single framework to assess
their relative importance.
We compute initial state gluon Wigner-distributions
from the Impact Parameter dependent Glasma model
(IP-Glasma) [11, 12] and via sampling of individual
gluons feed them into the partonic transport simula-
tion ’Boltzmann approach to multiparton scatterings’
(BAMPS) [13]. The initial gluon distributions [14, 15]
from the IP-Glasma model are anisotropic in momentum
space [8, 16, 17], thus contain the intrinsic momentum
space correlations of the color glass condensate (CGC)
picture [18, 19]. Final state interactions mediated by per-
turbative quantum chromo dynamic (pQCD) cross sec-
tions are then simulated microscopically in BAMPS.
We analyze the time evolution of the momentum space
anisotropy of the partonic plasma by simulating events
in two different multiplicity classes to understand how
final state interactions modify initial state momentum
correlations and whether signals of the latter can survive
to affect final observables.
Initial state & Phase-space distribution. Based on the
IP-Glasma model, including event-by-event fluctuations
of the proton’s geometrical structure [20], we calculate
the solution to the classical Yang-Mills equations of mo-
tion up to τ0 = 0.2 fm/c following the standard pro-
cedures described in [11, 12]. Event-by-event we ex-
tract the Wigner distribution
dNg
dyd2xT d2pT
in hyperbolic
phase-space coordinates xµ = (τ cosh ηs,xT , τ sinh ηs),
pµ = (|pT | cosh y,pT , |pT | sinh y), by evaluating equal
time correlation functions in Coulomb gauge and project-
ing them onto the transversely polarized mode functions
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(λ)
pT (τ) of the free theory [21], according to
dNg
dyd2xTd2pT
=
1
(2pi)2
∑
λ=1,2
N2c−1∑
a=1
τ2 gµµ
′
gνν
′
×
∫
d2s
(
ξ(λ)∗pT ,µ(τ)i
←→
∂τ A
a
µ′(xT + s/2)
)
(
Aaν′(xT − s/2)i
←→
∂τ ξ
(λ)
pT ,ν(τ)
)
e−ipT ·s . (1)
Even though the position and momentum dependent
Wigner distribution includes all relevant information
about the initial state coordinate space eccentricity as
well as the initial state momentum space anisotropies, it
suffers from the deficiency that it is not necessarily pos-
itive semi-definite. To warrant a probabilistic interpre-
tation of a quasi-particle distribution entering the sub-
sequent Boltzmann transport simulation, it is necessary
to perform a smearing of the Wigner distribution over
phase space volumes σxσp ≥ ~/2. Accounting for the
boost-invariant nature of the classical Yang-Mills fields
the single particle distribution function fg0 , which will
enter the subsequent parton cascade, is obtained by per-
forming the Gaussian smearing
fg0 (xT , ηs,p⊥, y) =
(2pi)3
2(N2c − 1)
δ(y − ηs)
|pT |τ (2)
×
∫
d2x′Td
2pT
′
(2pi)2
e
− (xT−x
′
T )
2
2σ2x e
− (pT−pT ′)2
2σ2p
dNg
dyd2x′Td
2pT ′
,
with σx = 0.197 fm and σp = 1 GeV chosen to achieve a
reasonable compromise between spatial and momentum
resolution.
Final state interactions. Even though the classical
Yang-Mills evolution includes re-scattering effects at
early times, the semi-classical description of the dynam-
ics becomes inapplicable after a relatively short time
when quantum effects become important and the subse-
quent dynamics is more appropriately described in terms
of weakly interacting quasi-particles [21–23]. We sim-
ulate the dynamics within 0.2 fm/c < τ < 2.0 fm/c,
with a 3+1-dimensional Boltzmann approach to multi-
parton scatterings (BAMPS), which, starting from the
initial phase-space density of gluons in Eq. (2), solves
the relativistic Boltzmann equation
pµ
∂
∂xµ
f i(x, p) =
∑
j=g,q,q
Cij(x, p), (3)
for the phase-space distribution function f i(x, p) of mass-
less on-shell quarks, anti-quarks and gluons by Monte-
Carlo techniques [13, 24, 25]1. The collision integrals
1 Even though the IP-Glasma initial state only contains gluons,
quarks and anti-quarks are produced during the kinetic evolution
of the fireball.
Cij include 2 ↔ 2 and 2 ↔ 3 interactions, based on
perturbative QCD matrix elements (using a fixed strong
coupling constant αs = 0.3) where internal propagators
are regulated by a dynamically computed screening mass
m2D ∼ αs
∫
d3pf i(x, p)/p (see, e.g., Refs. [26, 27]). In-
elastic 2 ↔ 3 interactions are simulated based on the
improved Gunion-Bertsch matrix elements [26], and the
Landau-Pomeranchuk-Migdal (LPM) effect is treated ef-
fectively, based on a dynamically determined mean free
path [27].
Since in practice the Monte-Carlo implementation is
based on individual particles, propagating along straight
lines between scattering events, one needs to supply a
list of particle positions xµInit and momenta p
µ
Init as ini-
tial condition for BAMPS. For every event we sample a
collection of individual gluons from the momentum dis-
tribution fg0 (xT , ηs,pT , y) of the IP-Glasma model, such
that the overall number of gluons is given by the in-
tegral of the distribution. Since according to Eq. (2)
the initial momentum rapidity y is equal to the coor-
dinate space rapidity ηs, which we sample uniformly be-
tween −2 < ηs < 2 from the boost invariant distribution,
the initial position and momentum vectors of each parti-
cle are given by xµInit = (τ0 cosh(ηs),xT , τ0 sinh(ηs)) and
pµInit = (|pT | cosh(ηs),pT , |pT | sinh(ηs)).
We have checked explicitly, that the energy density
(T ττ ) and flow coefficients (v2) extracted from the sam-
pled particle ensemble agree well with the corresponding
quantities extracted directly from the IP-Glasma distri-
bution. Even though the IP-Glasma initial condition is
boost invariant, the BAMPS calculation is performed
in 3+1 dimensional Minkowski space. We will therefore
extract all observables at |y| < 0.5 for different lab
times t, where y = log[(E + pz)/(E − pz)]/2, noting that
at midrapidity |y| ≈ |ηs| ≈ 0 such that the lab time t ≈ τ .
Evolution of azimuthal anisotropies. We investi-
gate the evolution of the azimuthal momentum space
anisotropy characterized by the Fourier harmonics
vn{2PC} of the two-particle correlation function. We
follow the experimental analysis [28] in decomposing the
(normalized) two-particle correlation function for Ntrig
trigger particles in a momentum range given by prefT and
Nassoc particles in a momentum bin around pT , in Fourier
harmonics w.r.t. the relative azimuthal angle ∆ϕpT :
2pi
NtrigNassoc
dNpair
d∆ϕpT
(pT , p
ref
T ) =
1 +
∑
n
2Vn∆(pT , p
ref
T ) cos(n∆ϕpT ). (4)
The two particle v2{2PC} is obtained as [28]
vn{2PC}(pT ) = Vn∆(pT , p
ref
T )√
Vn∆(prefT , p
ref
T )
, (5)
3with the reference momentum range chosen as 0 GeV <
prefT < 8 GeV by default
2. Since in our model the double-
inclusive spectrum in each event is given by the product
of single inclusive spectra, we follow [17, 29] and directly
compute
Vn∆(pT , p
ref
T ) =
〈
Re
bn(pT )b
∗
n(p
ref
T )
b0(pT )b∗0(p
ref
T )
〉
events
(6)
where in each event bn(pT ) =
∫ dφpT
2pi
dNg
d2pT
einφpT is
the azimuthal Fourier coefficient of the single-inclusive
spectrum. Since our model does not include correlations
from back-to-back di-jet pairs, we also note that –
contrary to the experimental analysis – no additional
subtractions are required to eliminate such correlations.
Evolution of azimuthal anisotropy. Including both
initial state effects and final state evolution, we analyze
the time evolution of the momentum space anisotropy
v2{2PC}(pT ) for √spA = 5.02 TeV p+Pb collisions
in Fig. 1. We show v2{2PC}(pT ) at different times,
t = 0.2 (initial), 0.4, 0.6, 1, 2 fm/c for low multiplicity
(0.5 < (dNg/dy) /〈dNg/dy〉 < 1) and high multiplicity
((dNg/dy) /〈dNg/dy〉 > 2.5) events.
While in both cases momentum correlations lead to a
sizeable initial state v2 [17], the subsequent dynamics is
quite different: In high multiplicity events, we observe
a pronounced effect of the final state interactions such
that the high initial anisotropy at intermediate momenta
(pT ∼ 2− 5 GeV) is significantly reduced within the first
0.2 fm/c evolution in the parton cascade, while at the
same time the correlation strength at higher and lower
momenta begins to increase. Subsequently, the azimuthal
anisotropy increases for all pT up to maximally 5%. As
a result, the pronounced peak at around pT ∼ 3 GeV,
present after the IP-Glasma stage, is washed out by the
final state interactions. In contrast, for low multiplicity
events modifications due to final state effects appear to be
less significant, as the final curve v2(pT ) closely resembles
that of the IP-Glasma initial state. Only at low trans-
verse momenta, pT . 2 GeV the azimuthal anisotropy is
increased to 2− 3 %.
While our results confirm the basic expectation that
final state effects gain significance as the density of the
medium increases in high-multiplicity events [6, 30],
the way this is realized dynamically is in fact very
interesting. We find that the average number of inter-
actions in low-multiplicity events (Nscat = 4.5 ± 1.1)
is indeed almost the same as in high-multiplicity
events (Nscat = 5.6 ± 1.1). Because of the nature of
the QCD cross-sections, most interactions however
2 Because we are studying the momentum anisotropy of gluons, we
choose the reference momentum to extend to larger values than
the range used in the experimental analysis.
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Figure 1. Gluon v2{2PC}(pT ) at mid-rapidity (|y| < 0.5)
for different times in high multiplicity (〈dNg/dy〉 = 26, up-
per panel) and low multiplicity (〈dNg/dy〉 = 6, lower panel)
p+Pb collisions.
correspond to small momentum transfers ∼mD which
itself depends on the density of the medium [31],
such that the average momentum transfer is larger
in high-multiplicity events. Hence, the average num-
ber of large angle scatterings, estimated according to
N large anglescat =
1
Nparticles
∑
coll
3
2 sin
2 θcollc.o.m. where θ
coll
c.o.m. is
the scattering angle in the c.o.m. frame of the partonic
interaction3, is in fact significantly larger in high-
multiplicity events (N large anglescat = 1± 0.18) as compared
to low-multiplicity events (N large anglescat = 0.53± 0.14).
3 Note that the pre-factor 3/2 is chosen such that for constant
isotropic cross sections N large anglescat = Nscat.
4Initial state vs. final state effects. In order to further
disentangle the effects of initial state momentum correla-
tions and final state response to geometry, we performed
an additional set of simulations (henceforth labeled rand.
azimuth) where the azimuthal angle of the transverse mo-
mentum pT of each gluon is randomized (0 < ϕpT < 2pi)
before the evolution in the parton cascade. Our results
are compactly summarized in Fig. 2, where we compare
the azimuthal anisotropy v2{2PC}(pT ) in the different
scenarios. By construction no initial state momentum
correlations are present in the rand. azimuth case –
shown as open gray symbols – and the initial state v2
vanishes identically at t = 0.2 fm/c. However, over
the course of the kinetic evolution a v2(pT ) of ∼ 4%
at pT ∼ 2 GeV in high multiplicity events and . 3%
at pT ∼ 1 GeV in low multiplicity events is built up
by t = 2.0 fm/c. Nevertheless, for momenta above
pT ∼ 2.0 GeV (low multiplicity) and pT ∼ 4.0 GeV
(high multiplicity), the purely final state v2 in the rand.
azimuth scenario remains significantly below the initial
state + final state v2 of the full calculation, indicating
the importance of initial state momentum correlations.
Despite the fact that initial state correlations have a
significant impact on v2{2PC}, we find that the addi-
tional v2{2PC} built up in the parton cascade can be
attributed to the response to the initial geometry. In
order to demonstrate this feature more clearly, we have
also computed the azimuthal anisotropy v2{ecc. plane}
w.r.t to the coordinate eccentricity plane – obtained
by replacing the reference momentum vector bn(p
ref
T ) in
Eq. (6) with the coordinate eccentricity vector en =∫
d2xT T
ττ (xT ) |xT |n einφxT , where φxT is the azimuthal
angle in space. Our results in Fig. 3 show that the ini-
tial anisotropy with respect to the geometric eccentricity
plane vanishes, as the initial momentum space anisotropy
is uncorrelated with the event geometry [17].
In contrast, during the kinetic evolution a clear corre-
lation with the initial state geometry is built up. The
magnitude of this final state generated v2{ecc. plane}
depends only weakly on the presence or absence of ini-
tial state momentum correlations. While the comparison
of the results for v2{ecc. plane} (Fig. 3) with v2{2PC}
(Fig. 2) indicates that in the rand. azimuth case, the
observed v2{2PC} can almost entirely be attributed to
a geometric response, this is clearly not the case for the
more realistic scenario including initial state correlations.
Even though the effects of initial state momentum cor-
relations are more apparent in low-multiplicity events,
quantitative differences remain also in high-multiplicity
events, as can also be observed from Fig. 4, where we
study the time-evolution of the pT integrated v2{2PC}.
While in the rand. azimuth case, the v2{2PC} is built up
slowly as a function of time in response to the initial state
geometry, a qualitatively different behavior emerges in
the more realistic case including initial state correlations.
In this case, large angle scatterings at early times begin
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Figure 2. Comparison of initial and final two-particle v2(pT )
for high (upper panel) and low (lower panel) multiplicity√
spA = 5.02 TeV p+Pb events. Events including initial state
momentum correlations (filled symbols) are compared to the
same events where the initial momenta were randomized in
azimuth (rand. azimuth, open symbols).
to destroy initial state momentum correlations leading
to an initial decrease of v2{2PC} as a function of time.
This happens because the directions of the initial state
anisotropy and the eccentricity responsible for generat-
ing the final state v2 are generally uncorrelated. Sub-
sequently, between t ∼ 0.5 − 1 fm/c the response to the
initial state geometry sets in, leading again to an increase
of v2{2PC}. Overall, we find that the relative effect of
initial state correlations on the final v2{2PC} is on the
order of 25−50%, being larger for low multiplicity events.
Conclusions. The observation of long range rapidity
correlations with characteristic structures in azimuthal
angle in small systems has challenged our understanding
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Figure 3. Comparison of initial and final v2(pT ) with respect
to the eccentricity plane for high (upper panel) and low (lower
panel) multiplicity
√
spA = 5.02 TeV p+Pb events. Events
including initial state momentum correlations (filled symbols)
are compared to the same events where the initial momenta
were randomized in azimuth (rand. azimuth, open symbols).
of the space-time evolution of high-energy nuclear col-
lisions. Despite the fact that several phenomenological
works have attempted to explain various aspects of the
experimental data, it remained unclear to what extent
observed correlations should be attributed to initial state
or final state effects. Based on a weak-coupling picture of
the space-time dynamics, we developed a new framework
including both initial state momentum correlations and
final state interactions. By matching classical Yang-Mills
dynamics (IP-GLASMA) to an effective kinetic descrip-
tion (BAMPS) on an event-by-event basis, we showed
that the relative importance of initial and final state ef-
fects in p+Pb collisions at LHC energies depends on the
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Figure 4. Evolution of the pT integrated azimuthal anisotropy
v2{2PC} for high and low multiplicity p+Pb events.
event multiplicity as well as the transverse momenta un-
der consideration. Especially at low multiplicity, the ini-
tial state correlations are very important for integrated as
well as differential v2, and need to be taken into account
in a quantitative theoretical description.
We also note that multi-particle correlations of more
than two particles can provide additional insight into the
nature of the observed correlations. Since final state in-
duced correlations emerge in response to the global event-
geometry, these naturally producem-particle correlations
(with m > 2) of similar strength. Conversely, for ini-
tial state correlations the existence of pronounced multi-
particle correlations is not a priori obvious. However, it
was shown recently in an Abelian model that initial state
effects can generate similar 4-, 6-, and 8- particle correla-
tions [32]. Explicit studies of multi-particle correlations
beyond m = 2 within our framework are numerically very
intensive and will be left for future work. Our results in-
dicate that a differential study of azimuthal correlations
across a large range of multiplicities and transverse mo-
menta, can provide new insights into properties of the
initial state and the early time non-equilibrium dynamics
of high-energy collisions. In this context, it would also
be interesting to include jet-like correlations at higher
momenta, to achieve a fully comprehensive framework of
multi-particle correlations.
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